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u—alAu = fin Q, u=0onT.
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/qu+a/QVu~Vv:/va, Vv € H} (). ’

Lagrange finite element discretization of order k, find u;, in V¥ such that

/ukvk—ka/Vuk-Vvk:/ka, Yo, € VF.
Q Q Q

Goal: estimate 7.,, = ||ur — ull|q i.e. find a computable quantity Ny

such that 7py & Nerr.
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The Bank=Weiser estimator

Definition

On a cell 7', the Bank—Weiser problem is

A
given by: find €2V in VPV such that

/e'%wv%‘”—i—a/Ve Vv —/TTUT + Z /JEv w V
T

EeoT
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A
given by: find €2V in VPV such that

/e‘%wv%‘”—i—a/Ve Vv —/TTUT + Z / Jpvyg bw V
T E

EeoT

The Bank—Weiser estimator is defined as

7712>w = Z 77%w,T7 Mow, T = |||6 |||T
TeT
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The Bank=Weiser estimator

Definition

What is V% ?
Let V7 C V4 be two finite element spaces and

Lr: Vi — Vg,
be the local Lagrange interpolation operator,

VRV = ker(Lr) = {vi € Vi, Lo(vf) =0},
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be the local Lagrange interpolation operator,
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Examples:
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The Bank=Weiser estimator

Implementation

We need to compute the matrix A% and vector b5 from

1
/e?wv%w—ka/ Velv . vubw :/ rrobY 4 Z 7/ JpodY YobW e VRV
T T T seor 2 /B
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Problem: the space V2% is not provided by DOLFIN/x.
Idea: we rely on the matrix A} and vector b7 from

EEBT
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The Bank=Weiser estimator

Implementation

We need to compute the matrix A2 and vector b2 from

1
/ VLY g / Tebw . by — / b+ 31 / Tpol¥ b € VR
T T T EeaT2 E

Problem: the space V> is not provided by DOLFIN/x.
Idea: we rely on the matrix AL and vector b7 from

1
/e?fu;—i—a/ Ve%-Vv;:/rTv;—f— Z E/JE’U; VU;EV;7
T T T BeoT E

since V1 is provided by DOLFIN/x and we look for a matrix N
such that:

AY = N'ALN, and b2 = N'j.
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The Bank=Weiser estimator

Implementation

Compute G,
matrix of Lp

SVD of G

II‘

Extract N

Computation of N
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Implementation

Compute G,
matrix of Lp

SVD of G

Extract N

II*

Computation of N

Compute A}
and b}

]

¥

Compute AR
and bbv

¥

Solve BW
equation

Loop over cells

¥

Compute local
BW estimator

Computation of

the local estimators
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The Bank=Weiser estimator

Implementation

Compute A}
and b}
Compute G, ¥
matrix of Ly Compute ABY ?3
¥ and bbv .
SVD of G ¥ 3
Solve BW 5
¥
Compute local
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Numerical results

Adaptive finite elements for a Poisson problem:
—Au=0in €, wu=wuponI. Linear finite elements.

—A— INpw —%— Mres —— fhfwl
= Nzz —— ’7ng """ Nerr
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1 . + _
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- Mow Vr Vp
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The Bank=Weiser estimator

Numerical results

Adaptive finite elements for a Poisson problem:
—Au=0inQ, w=wuponI. Quadratic finite elements.

Notation ‘ V; Vi
kg k_ [ T
Mhw Vi Vr

"71t7>w V% + bubble V%

Number of dof
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The Bank=Weiser estimator

Numerical results
GO AFEM for a linear elasticity problem:

we used a technique from [Khan et al., 2019] and [Becker et al., 2011] to compute the esti-
mators. The goal functional is defined by J(u,p) := [ u-nc, where c is a Gaussian
r

weight centered on the middle of the bone.
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The Bank=Weiser estimator

Numerical results

Timescale study:

strong scaling study on the Uni Lu cluster [varrette et al., 2014].
—~Au= fon[0,1]3, u=0onT. Py Lagrange elements.
The Bank-Weiser estimator is 7, """

The problem size is fixed around 135 million dof.

~@- Primal linear system assembly Estimation
—@— Primal linear system solve
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a wide range of fields such as statistics, hydrogeology, finance,
physics...
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The spectral fractional Laplacian
Problem setting

Let Q C R, s € (0,1) and f € L*(Q).

(=A)Y'u=f inQ, u=0 onl.
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The spectral fractional Laplacian
Problem setting

Let Q C R, s € (0,1) and f € L*(Q).
(=A)Y'u=f inQ, u=0 onl.

The solution u is defined by

u —ZA (f, )2

where {¢;, \;} 17 € L*(Q) x RT is the spectrum of —A.

‘n in FEniCSx and application to the fractional Laplacian 16/37



The spectral fractional Laplacian
Problem setting

The natural space associated with this problem is

+o0
H*(92) := {v € L*(Q), Z)\f (v,90:)32 < —1—00} ,
i=1

“+o00
of norm ||v||%, := ZA;? (v, ¥5)72.
=1
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The spectral fractional Laplacian
Problem setting

The natural space associated with this problem is

+o0
H*(92) := {v € L*(Q), Z)\f (v,90:)32 < —1—00} ,
i=1

“+o00
of norm ||v||%, := ZA;? (v, ¥5)72.
=1

Especially, HY(Q2) — L2(Q2) and HL(Q) = H(Q).
If f e L?(Q), then u € H*(Q2) and

lullzes = [1FI1Z--
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The spectral fractional Laplacian

Discretization

(—A)Y'u=f inQ, u=0 onl.

How to solve this equation numerically ?
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The spectral fractional Laplacian

Discretization

(=AYu=f in{, u=0 onT.

How to solve this equation numerically ?
) = Z A () e s
we use a rational approximation

AP~ QN

S

Mz

al ]-+bl ) VA e [)‘la +OO)7
l:l

where (a;); and (b;); are positive coefficients and Cs(N) is in-
dependent of \.
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The spectral fractional Laplacian

Discretization
—+00
u=(=A)f = DN (fo) e
foi
~ 3 YO (e
i=1

+o00 N
ZZC Zal1+bl (f?qu)
i=1

=1
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The spectral fractional Laplacian

Discretization

—+00
u= (=) F =Y AN (f )
i=1

+oo
~ > 0N (N) (f. )
i=1

400 N
ZZC Zal 1+bl
=1 N l:1+00
)3 DIRNEY
=1 =1

‘n in FEniCSx and application to the fractional Laplacian

(i) g

H(f) e

19/37



The spectral fractional Laplacian

Discretization

) f = ZA (f. ),
~ZQN ) (f, i)y,
+o00 N
~ > CUN)D a1+ b)) (f ) g
i=1 =1

N 400

Zalz (L4 b))~ (f, i) 2

l;l =1 N
Zal Id bl 1f C )Zalul.
=1

=1
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The spectral fractional Laplacian

Discretization
Forli=1,--- N,
(=AY u=f, inQ, w —bAw = f, inQ, (1)

u=0, onT. uy =0, onT. (2)
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The spectral fractional Laplacian
Discretization
Forli=1,--- N,
(=A)Yu=f, inQ, u —bAu = f, inQ, (1)

w=0, onI. ~— u =0, onI. (2)
N
We denote u ~ ugn := Cy(N) Z a;uy.
=1

However, ugy is not a discrete function.
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The spectral fractional Laplacian

Discretization

Fori=1,---,N,

(=A)Y’u=f, inQ, u —bAu; = f, inQ, (1)
w=0, onI. ~— uy =0, onT. (2)
N
We denote u ~ ugn := Cy(N) Z a;uy.
=1

However, ugy is not a discrete function.To get a full dis-
cretization, we use a FE method. We reformulate (1) and (2)
in weak form

/ulv+bl/Vul-Vv—/fU, Yo € Hy(Q), VI € [1,N],
Q Q Q

‘n in FEniCSx and application to the fractional Laplacian 20/37



The spectral fractional Laplacian

Discretization
Fori=1,---,N,

(=A)Y’u=f, inQ, u —bAu; = f, inQ, (1)
w=0, onI. ~— uy =0, onT. (2)
N
We denote u ~ ugn := Cy(N) Z a;uy.

I=1
However, ugy is not a discrete function.To get a full dis-

cretization, we use a FE method. We reformulate (1) and (2)
in weak form

/ulv+bl/ Vu,-Vo = / fu, Yo € Hy(Q), VI € [1,N],
Q Q Q

and write its FE discretization

/ul,kvk -+ bl/ Vul,vak = / f?)k, Yy, € Vk, Vi e [[1,N]]
Q Q

Q
A ion in FEniCSx and application to the fractional Laplacian 20/37



The spectral fractional Laplacian

Discretization

Solving these classical FE problems we finally get a fully discrete
approximation of u

N N
u =~ ugy = Cy(N) Zalul ~ C4(N) Zalul,k =: ukgév
1=1 =1
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The spectral fractional Laplacian

Discretization

Solving these classical FE problems we finally get a fully discrete
approximation of u

N N
u =~ ugy = Cy(N) Zalul ~ C4(N) Zalul,k =: ukgév
=1 =1

Advantages of this method:
® it is easily parallelizable,
® it involves “standard” FE machinery,

® it is well-suited to three—dimensional problems.
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The spectral fractional Laplacian

Error estimation

How can we bound the discretization error ?

lu — ugy |l < flu— ugy|l + lugy — ugyl.

where |[-|| = [|-[2, or |-[|sz=-
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The spectral fractional Laplacian

Error estimation

How can we bound the discretization error ?

lu — ngN

where |[-|| = [|-[2, or |-[|sz=-

Two sources of error:

® the rational approximation error |lu — ug~|,
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The spectral fractional Laplacian

Error estimation

How can we bound the discretization error ?

lu — ugy | < llu —ugyl + llugy — ugyll-

where |[-|| = [|-[2, or |-[|sz=-

Two sources of error:
® the rational approximation error |lu — ug~|,

® the finite element error |lugy — quNH
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The spectral fractional Laplacian

Error estimation

Quantification of the rational approximation error ||u — ugn|.
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The spectral fractional Laplacian

Error estimation

Quantification of the rational approximation error ||u — ugn|.

If there exists €5(N) — 0 such that

N—+o0
A= QN (V)| < &(N), VA € [\, +00),

then, [Bonito and Pasciak, 2015]

|u —ugn|lr2 < es(N)| fllz2
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The spectral fractional Laplacian

Error estimation

Quantification of the rational approximation error ||u — ugn|.

If there exists €5(N) — 0 such that

N—+o0
A= QN (V)| < &(N), VA € [\, +00),

then, [Bonito and Pasciak, 2015]

12 < Es(N)[1f] 2
Moreover, |'F f & H';(Q) then [Bonito and Pasciak, 2016]

lv = woyllme < &s(N)||fme

|u — ugy
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The spectral fractional Laplacian

Error estimation

Quantification of the rational approximation error ||u — ugn|.

If there exists €5(N) — 0 such that

N—+o00
AT = QW < esN), YA€ [, +00),

then, [Bonito and Pasciak, 2015]

2 < (N[ ]z
Moreover, |'F f c Hg(ﬂ) then [Bonito and Pasciak, 2016]
lv = woyllme < &s(N)||fme

In particular, there exists an approximation QY such that ,(N)
iS fu”y Computab|e and [Bonito and Pasciak, 2015]

es(N)= 0O (e_(”2/2ﬁ>\/ﬁ)

N—+o0
A ion in FEniCSx and application to the fractional Laplacian 23/37
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The spectral fractional Laplacian

Error estimation

Quantification of the rational approximation error ||u — ugn|.

Conjecture: [ju — ugn|lus < es(N)| f| 2.

‘n in FEniCSx and application to the fractional Laplacian 23/37



The spectral fractional Laplacian

Error estimation

Quantification of the rational approximation error ||u — ugn|.

Conjecture: [ju — ugn||ms < &s(N)||f]| 2.

What we can prove [sulie, 2022]:

Hs < gs(N)”fHL27

|u — ugn

where £5(N) oy 0 with a possibly slower convergence rate
— 400

than ¢,.
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The spectral fractional Laplacian

Error estimation

Quantification of the finite element error [lugy — ugy||.
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Error estimation
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® A priori error estimates in [Bonito and Pasciak, 2015] and

[Bonito and Pasciak, 2016],
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Error estimation

Quantification of the finite element error [lugy — ugy||.

® A priori error estimates in [Bonito and Pasciak, 2015] and

[Bonito and Pasciak, 2016],

® |Implementation of a posteriori error estimate and adaptive
mesh refinement in [sutie et al., 20221 for ||-|| .2,

‘n in FEniCSx and application to the fractional Laplacian 24/37



The spectral fractional Laplacian

Error estimation

Quantification of the finite element error [lugy — ugy||.

® A priori error estimates in [Bonito and Pasciak, 2015] and

[Bonito and Pasciak, 2016],

® |Implementation of a posteriori error estimate and adaptive
mesh refinement in [sutie et al., 20221 for ||-|| .2,

® A posteriori error estimate for ||| is an ongoing work.
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The spectral fractional Laplacian

Error estimation

Quantification of the finite element error [jugy

u _ .
up U uy N-1 UN Rational sum_ ugny
c T o ! ’
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[}
w N
-
O
24 ~ ~ ~ ~ uk
= - - - - > oy
Uk Uk Uik  UN-1,kUNK
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The spectral fractional Laplacian

Error estimation

Quantification of the finite element error [lugy — ugy||.
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The spectral fractional Laplacian

Error estimation

Quantification of the finite element error |jugy — ugy |-
For each cell T € 7, and each parametric problem [ € [1, NJ,

we solve the Bank—\Weiser equation to estimate the difference

. . Jbw
U”I - l»[/l7]‘/|T ~ CZT
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The spectral fractional Laplacian

Error estimation

Quantification of the finite element error [lugy — ugy||.

For each cell T € 7, and each parametric problem [ € [1, NJ,
we solve the Bank—\Weiser equation to estimate the difference
Uty = U, = e}’}.

Then,

(UQN —'LLkQN> =
s s |p

=
-

N
bw
ul_ulk Z lelT— 6QN T
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The spectral fractional Laplacian

Error estimation

Quantification of the finite element error [lugy — ugy||.

For each cell T € 7, and each parametric problem [ € [1, NJ,
we solve the Bank—\Weiser equation to estimate the difference

, , Jbw
u”,f — u/l,k|T ~ (’Z,T'

Then,

=
-

N
(var —uby), = (o) 2 N Yl = G
T =1
and finally, we expect that:

lugy — UQN”L? = ||6 ||L2 = Z“‘ngV,T |L2(T)

TeT
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The spectral fractional Laplacian

Adaptive mesh refinement

Fractional Laplacian problems show a particular sensibility to boundary
layers effect. Thus, even for smooth data, the mesh might need to be
adaptively refined near the boundary T" [Banjai et al., 2019].
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The spectral fractional Laplacian

Adaptive mesh refinement

Fractional Laplacian problems show a particular sensibility to boundary
layers effect. Thus, even for smooth data, the mesh might need to be

adaptively refined near the boundary T" [Banjai et al., 2019].
We can use the Bank—Weiser error estimator to steer an adaptive refine-

ment algorithm.
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The spectral fractional Laplacian
Adaptive mesh refinement

Choose a tolerance § > 0, an initial mesh 7,—o and N such that e,(N)|| f||lr2 < §
Generate the rational approximation QY coefficients
Initialize the estimator ng";{v =0+1
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The spectral fractional Laplacian

Adaptive mesh refinement

Choose a tolerance § > 0, an initial mesh 7, and N such that e,(N)||f]lz2 < ¢
Generate the rational approximation QY coefficients
Initialize the estimator n'é“,s’v =0+1

While 775"1(, > 6

Initialize the solution ugy , = 0
Initialize the local Bank—Weiser solutions {eg’z\,j =0}r
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The spectral fractional Laplacian

Adaptive mesh refinement

Choose a tolerance § > 0, an initial mesh 7, and N such that e,(N)||f]lz2 < ¢
Generate the rational approximation QY coefficients
Initialize the estimator 7782’\’ =0+1
While 775‘2(, > 0
Initialize the solution ugy , = 0
Initialize the local Bank-Weiser solutions {e2% ;. = 0}
For each parametric problem [ € [1, N]:
Solve parametric problem on 7, to obtain w
Add UQéV,k + C’S(N)alul,k
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The spectral fractional Laplacian

Adaptive mesh refinement

Choose a tolerance § > 0, an initial mesh 7, and N such that e,(N)||f]lz2 < ¢
Generate the rational approximation ON coefficients
Initialize the estimator 7791\1 =0+1
While 775‘2(, > 0
Initialize the solution ugy , = 0
Initialize the local Bank—Weiser solutions {egz\,’T =0}r
For each parametric problem [ € [1, N]:
Solve parametric problem on 7, to obtain w
Add UQéV,k —+ C’S(N)alul,k
For each cell T of 7,:
Solve BW local parametric problem on T to obtain eﬁVTV
Add eQN 7+ Co(N)agely
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The spectral fractional Laplacian

Adaptive mesh refinement

Choose a tolerance § > 0, an initial mesh 7, and N such that e,(N)||f]lz2 < ¢
Generate the rational approximation ON coefficients
Initialize the estimator 7791\1 =0+1

While 77}5’5, > 0
Initialize the solution ugy , = 0
Initialize the local Bank—Weiser solutions {egz\,’T =0}r
For each parametric problem [ € [1, N]:

Solve parametric problem on 7, to obtain w

Add ugn i, + Cs(N)aguy

For each cell T of 7,:

| Solve BW local parametric problem on T to obtain eﬁVTV
Add eQN 7+ Co(N)agely

Compute {"Q{X,T = ||€Q§_V,THL2(T tr
Take the square root of the sum of {n‘é‘é{,sz}T to obtain 7731}
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The spectral fractional Laplacian

Adaptive mesh refinement

Choose a tolerance § > 0, an initial mesh 7, and N such that e,(N)||f]lz2 < ¢
Generate the rational approximation ON coefficients
Initialize the estimator nQN =0+1

While 77}52(, > 0
Initialize the solution ugy , = 0
Initialize the local Bank—Weiser solutions {egz\,’T =0}r

For each parametric problem [ € [1, N]:

Solve parametric problem on 7, to obtain w

Add UQé\fyk —+ C’S(N)alul,k

For each cell T of 7,:

| Solve BW local parametric problem on T to obtain e}fVTV
Add eQN 7+ Co(N)agely

Compute {ngﬁny = ||€Q§.V,THL2(T tr
Take the square root of the sum of {n‘é‘é{,sz}T to obtain ng"é’v

If ng}’\, > 4

Mark the mesh using {naﬂz,T}T

Refine the mesh and replace 7, by 7,11
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The spectral fractional Laplacian

Numerical results

(=A)u=f, in[0,1]2, u=0, on T,
with f(z,y) =1in [0,0.5]2U[0.5,1]%, —1 otherwise.
We assume the rational approximation is negligible, i.e. u = ugn.
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The spectral fractional Laplacian

Numerical results

101 4
102 4
103 4

2.

<

1074 4

105 4

1076 4
102 10° 10° 10°
dof
Frac. power || 0.1 0.3 0.5 0.7 0.9
Theory [Bonito and Pasciak, 2015] || -0.35 -0.55 -0.75 -0.95 -1.00
Est. (unif.) || -0.35 -0.55 -0.76 -0.95 -1.00
-0.65 -0.84 -0.93 -0.97 -1.01

Est. (adapt.) : :
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The spectral fractional Laplacian

Numerical results

(=A)u=f, in[0,1]*, u=0, on T.
We assume the rational approximation is negligible, i.e. u =ugn.
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The spectral fractional Laplacian

Numerical results
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1074 4
10° 10° 10° 100
Frac. power || 0.1 0.3 0.5 0.7 0.9
Theory [Bonito and Pasciak, 2015] -0.23 -0.37 -0.50 -0.63 -0.67
Est. (unif.) || -0.24 -0.38 -0.52 -0.62 -0.67
Est. (adapt.) || -0.33 -0.46 -0.55 -0.65 -0.68
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