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A finite element method
Example of elliptic PDE

T

Let v € R™ and f € L*(£2). We are looking for u (with sufficient
regularity) such that

u—"yAu=f inQ
u=0 onl,

where Au(xy,z9) = (02, + ajy)u-
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A finite element method
Example of elliptic PDE

Instead of looking at the strong formulation: find u satisfying

u—"yAu=f inQ
u=0 onl,

we consider the weak formulation: find a function w in H}(Q)
such that

/uv—l—'y/Vu-Vv—/fv Vv € Hy(92),
Q Q Q

where H}(Q) is the Sobolev space of functions v in L?(€2) vanishing on T’
and with d,v and dyv in L?(1Q).
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A finite element method

Discretization

Goal: Compute a numerical approximation to u,
solution to

/uv+7/Vu-Vv:/fv Vv € Hy ().
Q Q Q
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Discretization

Let 7 = {T'} be a mesh on (, of edges -
E={L}. I
We consider V! C H}(€) the space ¥————\
of continuous piecewise linear polynomial 5
functions over T, vanishing on T'. e |

Let u; € V! be the solution to

/U1U1+’7/VU1'VU1—/JCU1 Vvlevl.
Q Q Q
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A finite element method

Discretization

Original problem:

/uv—l—v/Vu-Vv:/fv Vv € HE ().
Q Q Q

Linear Lagrange finite element discretization:
/ulvl +’Y/ Vu1 . V’Ul = / fUl ‘v’vl € Vl.
Q Q Q

We take u; ~ wu.
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Let's try it out!
We take v =1, f =1 and solve
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using
FENICS
&i PPOJECT
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A finite element method

Discretization
Let's try it out!

We take v =1, f =1 and solve

/ulvl—i—/Vul Vvl—/fvl VUl EVl.

(Linear system dimension: 66049.)

— 13e01 — 1.3e-01

0.1

0.08

0.0e+00 0.0e+00
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A priori error estimation
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We quantify the error e := u — uy using the energy norm

1/2
lelly == (/ 62+’)//V6'V6> .
Q Q
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Error estimation

A priori error estimation
What can we say about the discretization error ?
We quantify the error e := u — u; using the energy norm

1/2
lell, == </ 62+7/v6~ve> .
Q Q

A priori error estimation

Let © be an open subset of R? of polygonal boundary and let {7 }1>0
be a shape-regular family of conformal meshes of 2. Then,

i =0.
Tim e
Moreover, if u € H?(Q2) there exists ¢, such that

lelly < eyhlulge.

’

H2(Q) = {v € L3(Q), 0% € L%(Q), a € N2, |a| < 2} is an Hilbert space on which

. ; 2
we define the semi-norm, \u\Hz = |02 cull72 + ] yyuHL2 =+ | gcyu||L2
Discretization of the fractional Laplacian using finite element methods and a posteriori error estimation 11/43



Error estimation

A priori error estimation
What can we say about the discretization error ?7
We quantify the error e := u — uy using the energy norm

1/2
lell, == (/ e2+’y/V6-Ve> .
Q Q

y=1

A priori error estimation

llelly < eyh' ul >

10 10
h
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Error estimation
What happened 7

A priori error estimation

||€||7 < th|U|H2-

0.1

0.05

0.0e+00
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Error estimation
What happened 7

A priori error estimation }

||€||7 < th|U|H2-

The solution u does not belong to
H?(Q)!

Vu admits a singularity in the reen-
trant corner of () [Grisvard, 1986].

Discretization of the fractional Laplacian using finite element methods and a posteriori error estimation 12/43



Error estimation

A posteriori error estimation

® How to deal with solutions having local features 7

Discretization of the fractional Laplacian using finite element methods and a posteriori error estimation 13/43




Error estimation

A posteriori error estimation

® How to deal with solutions having local features 7

® How to quantify the discretization error ?

Discretization of the fractional Laplacian using finite element methods and a posteriori error estimation

13/43



Error estimation

A posteriori error estimation

® How to deal with solutions having local features 7
® How to quantify the discretization error ?

® How to choose the size of the mesh to reach a certain
tolerance ?

Discretization of the fractional Laplacian using finite element methods and a posteriori error estimation 13/43



Error estimation

A posteriori error estimation

® How to deal with solutions having local features 7

® How to quantify the discretization error ?

® How to choose the size of the mesh to reach a certain

tolerance ?

A priori error estimation

A posteriori error estimation

lell, < C(u)

C(u) is unknown.

lefly = n

7 is known.

Discretization of the fractional Laplacian using finite element methods and a posteriori error estimation

13/43



Error estimation

A posteriori error estimation
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Error estimation
A posteriori error estimation
Let 1 be an a posteriori error estimator. We would like 1 to be:

® computable from problem data (f, boundary conditions data...)
and wuq only,

® reliable i.e. there exists a constant C' only depending on the mesh
regularity such that

llelly < Cn with C close to 1,

e efficient i.e. there exists a constant ¢ only depending on the mesh
regularity such that

en < |le]|,  with ¢ close to 1,

n:ZnTa

TeT

® |ocal i.e.

® cheap to compute, ideally much less expensive than computing u;.
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Error estimation
A posteriori error estimation

Let e := w — uy, we can show that e is solution to the local

problem:
/evT—i-V/ Ve~VvT=/7"~/,TUT+ Z /er,E'UT VWTEH(%(T)v
T T T eeor’E
) 8’[1,1
with 7y 7 == (f — w1 +vAu)r and Jy g =7 on
e
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Error estimation
A posteriori error estimation

Let e := w — uy, we can show that e is solution to the local
problem:

/evT—i-v/Ve-VvT:/T%T”T"' Z /er,E'UT VUTEH(%(T),
T T T E

EecoT

. ou
with 7y 7 := (f —u1 +~yAuy)|r and J, g := 7 [[81]] .
nlg

We consider VP¥(T) € V*(T) a particular local finite element
space.
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Error estimation

A posteriori error estimation

Let e := w — uy, we can show that e is solution to the local
problem:

/C'UT+'Y/V6'V'UT:/T’Y,TUT+ Z /J%EUT Yur € Hy(T),
T T T B

EecoT

. ou
with 7y 7 := (f —u1 +~yAuy)|r and J, g := 7 H&‘lﬂ .
nlg

We consider VP¥(T) € V*(T) a particular local finite element

space.
For a cell T in T, we define eb € V¥(T') the solution to

/el%va—i-’y/ Ve%“VvT:/r%TvT—F Z /J.Y,EUT Yor € VPY(T),
T T T E

EecoT
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Error estimation

A posteriori error estimation

The local Bank-Weiser a posteriori error estimator [Bank, Weiser, 1985]
is defined by:
L bw
nr = ”eT ”’77
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Error estimation

A posteriori error estimation

The local Bank-Weiser a posteriori error estimator [Bank, Weiser, 1985]
is defined by:
_q|b
nr = HeTW”’W
and the global estimator by:

Mo = > N

TeT

Discretization of the fractional Laplacian using finite element methods and a posteriori error estimation 16/43



Error estimation

A posteriori error estimation

Is the Bank-Weiser estimator a good estimator 7

® computable from data and w; only: v

Discretization of the fractional Laplacian using finite element methods and a posteriori error estimation 17/43



Error estimation

A posteriori error estimation

Is the Bank-Weiser estimator a good estimator 7

® computable from data and w; only: v
* reliable (||e]|y < Cnuw):

Discretization of the fractional Laplacian using finite element methods and a posteriori error estimation

17/43



Error estimation
A posteriori error estimation
Is the Bank-Weiser estimator a good estimator 7

® computable from data and w; only: v
e reliable (|le]|, < Cmuw):

> \/ under a constraining assumption on the solution u
[Bank, Weiser, 1985],

Discretization of the fractional Laplacian using finite element methods and a posteriori error estimation

17/43



Error estimation

A posteriori error estimation

Is the Bank-Weiser estimator a good estimator 7
® computable from data and w; only: v
e reliable (|lel|; < Cnpw):

> \/ under a constraining assumption on the solution u
[Bank, Weiser, 1985],

> without the assumption, for linear finite elements in 1D and 2D
[Nochetto, 1993],

Discretization of the fractional Laplacian using finite element methods and a posteriori error estimation 17/43



Error estimation

A posteriori error estimation

Is the Bank-Weiser estimator a good estimator 7

® computable from data and w; only: v
e reliable (|lel|; < Cnpw):

> \/ under a constraining assumption on the solution u
[Bank, Weiser, 1985],

> without the assumption, for linear finite elements in 1D and 2D
[Nochetto, 1993],

> \/ without the assumption, for linear finite elements in 3D
[B., Chouly, Hale, Lozinski, 2019],

Discretization of the fractional Laplacian using finite element methods and a posteriori error estimation 17/43




Error estimation

A posteriori error estimation

Is the Bank-Weiser estimator a good estimator 7

® computable from data and w; only: v
e reliable (|lel|; < Cnpw):
> \/ under a constraining assumption on the solution u
[Bank, Weiser, 1985],

> without the assumption, for linear finite elements in 1D and 2D
[Nochetto, 1993],

> \/ without the assumption, for linear finite elements in 3D
[B., Chouly, Hale, Lozinski, 2019],

> X still an open problem for higher order finite elements.

Discretization of the fractional Laplacian using finite element methods and a posteriori error estimation 17/43




Error estimation

A posteriori error estimation

Is the Bank-Weiser estimator a good estimator 7

® computable from data and w; only: v
e reliable (|lel|; < Cnpw):

> \/ under a constraining assumption on the solution u
[Bank, Weiser, 1985],

> without the assumption, for linear finite elements in 1D and 2D
[Nochetto, 1993],

> \/ without the assumption, for linear finite elements in 3D
[B., Chouly, Hale, Lozinski, 2019],

> X still an open problem for higher order finite elements.

o efficient (cnnw < |le]]5): V' [Bank, Weiser, 1985],

Discretization of the fractional Laplacian using finite element methods and a posteriori error estimation 17/43




Error estimation

A posteriori error estimation

Is the Bank-Weiser estimator a good estimator 7

® computable from data and w; only: v
e reliable (|lel|; < Cnpw):

> \/ under a constraining assumption on the solution u
[Bank, Weiser, 1985],

> without the assumption, for linear finite elements in 1D and 2D
[Nochetto, 1993],

> \/ without the assumption, for linear finite elements in 3D
[B., Chouly, Hale, Lozinski, 2019],

> X still an open problem for higher order finite elements.
o efficient (cnnw < |le]]5): V' [Bank, Weiser, 1985],

® |ocal: \/

Discretization of the fractional Laplacian using finite element methods and a posteriori error estimation

17/43



Error estimation

A posteriori error estimation

Is the Bank-Weiser estimator a good estimator 7

® computable from data and w; only: v
e reliable (|lel|; < Cnpw):

> \/ under a constraining assumption on the solution u
[Bank, Weiser, 1985],

> without the assumption, for linear finite elements in 1D and 2D
[Nochetto, 1993],

> \/ without the assumption, for linear finite elements in 3D
[B., Chouly, Hale, Lozinski, 2019],

> X still an open problem for higher order finite elements.
o efficient (cnnw < |le]]5): V' [Bank, Weiser, 1985],
* local: v

L4 cheap: \/ [Bordas, B., Chouly, Hale, Lozinski, 2020].
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Numerical results

Let's try it out!
Adaptive refinement algorithm:

1.

fix a tolerance € and pick an initial (coarse) mesh 7;
(1=0),

solve the PDE to get u} on Tj,

Loop over the cells T" of 7;:

> solve the BW equation on T,
» compute the local estimator 7y,

compute the global estimator 7, and check if 7, < ¢,
> \/ stop the algorithm and return u}.
> Xcontinue,

mark the cells we need to refine (e.g. each cell T for which
> 0.9 ,

nr max r)

Discretization of the fractional Laplacian using finite element methods and a posteriori error estimation
e

19/43



Numerical results

Let's try it out!
Adaptive refinement algorithm:

1.

6.

fix a tolerance € and pick an initial (coarse) mesh 7;
(1=0),

solve the PDE to get u} on Tj,

Loop over the cells T" of 7;:

> solve the BW equation on T,
» compute the local estimator 7y,

compute the global estimator 7y, and check if 7, < €,

> \/ stop the algorithm and return u}.
> Xcontinue,

mark the cells we need to refine (e.g. each cell T for which
> 0.9 .
nr max r)
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Discretization of the fractional Laplacian using finite element methods and a posteriori error estimation 19/43
e



Numerical results

Let's try it out!
Adaptive refinement algorithm:

1.

6.
7.

fix a tolerance € and pick an initial (coarse) mesh 7;
(1=0),

solve the PDE to get u} on Tj,

Loop over the cells T" of 7;:

> solve the BW equation on T,
» compute the local estimator 7y,

compute the global estimator 7y, and check if 7, < €,

> \/ stop the algorithm and return u}.
> Xcontinue,

mark the cells we need to refine (e.g. each cell T for which
> 0.

nr =0 9gpnea%77T),

refine the mesh 7; into a new mesh 7,1,

go back to 2. replacing [ by [ + 1.
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Numerical results
Let's try it out!

Uniform vs adaptive refinement y=1

—&— Exact error (unif. refinement)
—A- Estimator (adapt. refinement)
—&— Exact error (adapt. refinement)

10—1 4

Ny

10—2 4

10? 10° 104 10°

dofs
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Numerical results

Let's try it out!
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Initial mesh Initial mesh
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The spectral fractional Laplacian

The eigenfunctions {¢;}2, of £ form a basis of L*(£2).

with f]' :fo'(j;J forj=1,---,00.
If {)\j};?‘;l are the corresponding eigenvalues, we define the so-
lution u as follow:
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How to compute the solution numerically ?

Euler’'s reflection formula

™

sin(m6)

+oo
:/ M)At v € (0,1).
0
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How to compute the solution numerically ?

Euler’s reflection formula

7r
sin(70)

Some tweaks lead to

+oo
:/ 7 14 dt Yo € (0,1).
0

+oo
s = 09/ " Ys+t)"'dt Vs >0and Ve (0,1),
0

with ¢ = @

Discretization of the fractional Laplacian using finite element methods and a posteriori error estimation 27/43



How to compute the solution numerically ?

Euler’s reflection formula

7r
sin(70)

Some tweaks lead to

+oo
:/ 7 14 dt Yo € (0,1).
0

+oo
s = 09/ " Ys+t)"'dt Vs >0and Ve (0,1),
0

with ¢ = sin(m)

Then, forf — 1= —a/2 € (—1,0) and s = \;, j € [1,+o0],

—+00
A2 = ca/ to2 (0 4+ )7t dt.
0

J
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How to compute the solution numerically ?

Euler’'s reflection formula

“+o00
A = ca/ to2 (N +t)7t dt.
0
Then,

Lol =3 N iy
j=1
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Euler’'s reflection formula

J

+o0

A2 = ca/ to2 (N +t)7t dt.
0

Then,

Lol = Z X i

= an/ OO+ )7 ey dt
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How to compute the solution numerically ?

Euler’s reflection formula

J

+o0

A2 = ca/ to2 (N +t)7t dt.
0

Then,

Ll = fj X fy
= an/ OO+ )7 ey dt
+00
:ca/o a”Z ) ey dt
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Euler’s reflection formula

J

+o0

A2 = ca/ to2 (N +t)7t dt.
0

Then,

Lol = Z X i
= an/ OO+ )7 ey dt
+oo
:ca/ WZ ) ey dt
0

“+oo
= ca/ t2(L 4+ t1d)7Lf dt.
0
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Euler’'s reflection formula

+o0
L2 = ca/ 2L 4+ t1d) 7L f dt,
0
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How to compute the solution numerically ?

Euler’s reflection formula

+o0
L2 = ca/ 2L 4+ t1d) 7L f dt,
0

and with a nice change of variable,

+oo
L2 = Ca/ e (Id + % L)_l fdy forae(0,2).

—0o0

2sin(wa/2)

with cq := -
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How to compute the solution numerically ?

Euler’'s reflection formula

+oo
u:ﬁ_o‘/Zf:ca/ e (Id—l—e2y£)_1fdy for a € (0,2).

—0o0
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How to compute the solution numerically ?

Euler’s reflection formula

“+oo
u:ﬁ_a/Qf:ca/ e (Id—l—e2y£)_1fdy for a € (0,2).

—0o0

Let us denote u, := (Id+e? L)™' f. This function is solution
to the following problem (in weak formulation)

/uyv—l-ezy/Vuy-Vv:/fv Vv € Hy ().
Q Q Q
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How to compute the solution numerically ?

Euler’s reflection formula

“+oo
u:ﬁ_a/Qf:ca/ e (Id+62y£)_1fdy for a € (0,2).

—0o0

Let us denote u, := (Id+e? L)™' f. This function is solution
to the following problem (in weak formulation)

/uyv+62y/Vuy-Vv:/fv Vv € Hy ().
Q Q Q

We want to discretize the above integral into a finite sum in-
volving computable terms.
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How to compute the solution numerically ?

Euler’'s reflection formula

+00 N
ca/ eu, dy =u~ u{v = C, E wpe™uy, ;.
- I=—N
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How to compute the solution numerically ?

Euler’s reflection formula

+00 N
ca/ eu, dy =u~ uiv = C, E wpe™uy, ;.
- I=—N

1. Using FEM, we discretize the function u, into u,
solution to

2 1
/uy,lvy,l +e y/ Vg1 -V, = / foyn Vv, €V
Q Q Q
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How to compute the solution numerically ?
Euler's reflection formula

+00 N
ca/ eu, dy =u~ u{v = C, E wpe™uy, ;.
- I=—N

1. Using FEM, we discretize the function u, into u, ;
solution to

2 1
/uy,lvy,l +e y/ Vuy -V, = / foy1 Yo, €V,
Q Q Q

2. We discretize the integral using a simple rectangle
quadrature rule of weights w; = \/LN and points y; =
for any l € [-N,---, N], where N is a user chosen
parameter.

=
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A posteriori error estimation

Euler's reflection formula
We would like to quantify the approximation error:

+oo

lellze = lhu = w12 = [lea [

— 00

o
ey, dy — \/—a_ E e uy, 1
N I=—N L2
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+oo
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o
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Euler's reflection formula
We would like to quantify the approximation error:

+oo

lellze = lhu = w12 = [lea [

— 00

o
ey, dy — \/—a_ E e uy, 1
N I=—N L2

To do so, we introduce

+oo
Uy = ca/ e™ u, 1dy.

o0

We have,

=2y 2
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A posteriori error estimation

Euler’s reflection formula

We would like to quantify the approximation error:

+00 N
e R P N T R SR e
. VN 2

L2
To do so, we introduce

+oo
Uy = ca/ e™ u, 1dy.

We have,

lu —ul||r2 = [Ju — uy +uy — uf || 2
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A posteriori error estimation

Euler's reflection formula
We would like to quantify the approximation error:

+00 N

Ca
lellr2 := llu —ul ||z == |le / ey, dy — —— Z ey, 1
1 @ e Y \/Nl:_ Y

To do so, we introduce

+oo
Uy = ca/ e™ u, 1dy.

o0
We have,
lu —ul||r2 = [Ju — uy +uy — uf || 2

< Jlu = w2 + [lur = uy'[| 2.

N

g

~
FE error quadrature error
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A posteriori error estimation

Finite element error

We want to quantify the finite element error ||u — uq||zz.
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We want to quantify the finite element error ||u — uq||zz.

—+o00 —+o00
U— U = Cq / e u,dy — ca/ e™ uy, 1 dy
—0oQ —00
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A posteriori error estimation

Finite element error

We want to quantify the finite element error ||u — uq||zz.

—+o00 —+o00
U— U = Cq / e u,dy — ca/ e™ uy, 1 dy

o0 —00

+00
= Ca/ e™(uy — uy1)dy.

o0
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A posteriori error estimation

Finite element error

We want to quantify the finite element error ||u — uq||zz.

—+o00 —+o00
U— U = Cq / e u,dy — ca/ e™ u, 1dy

o0 —00

“+oo
= Ca/ e (uy — uy1)dy.

o0

Idea: We already know an estimator for the error u, — u, .

Can we use it to estimate uw — u; ?
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A posteriori error estimation

Finite element error
For a fixed y in R and for a cell T" of the mesh, we compute

bw. € VP¥(T) the solution to

/e TvT+e2y/Ve VUT—/TyTUT+ Z /JyEvT VvTEVbW( ).
T T

EcoT
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A posteriori error estimation
Finite element error

For a fixed y in R and for a cell T" of the mesh, we compute
bw. € VP¥(T) the solution to

/e TvT+e2y/Ve VUT—/T’yTUT+ Z /JyEvT VvTEVbW( ).
T T

EcoT

“+o00
bw . __ ay bW
e = ca/ rdy,

—00

We compute
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A posteriori error estimation
Finite element error

For a fixed y in R and for a cell T" of the mesh, we compute
bw. € VPV(T') the solution to

/e TvT+e2y/Ve VvT_/ryTvT—i- Z /JyEvT VvTeVbW( ).
T T

EcoT

+oo
bw .__ W bw
e = ca/ rdy,

—00

We compute

Now, T = ”el:)FWHL? and 77[2)W = Z ngw,T‘
TeT
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+oo
bw .__ W bw
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—00

We compute
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A posteriori error estimation

Finite element error

For a fixed y in R and for a cell T" of the mesh, we compute

bw. € VPV(T') the solution to

/e TvT+e2y/Ve VvT_/ryTvT—i- Z /JyEvT VvTeVbW( ).
T T

EcoT

+oo
bw .__ W bw
e = ca/ rdy,

—00

We compute

Now, T = ”el:)FWHL? and 77[2)W = Z ngw,T‘
TeT

7

’ U

Discretization of the fractional Laplacian using finite element methods and a posteriori error estimation

35/43



Numerical results
Let's try it out!

Adaptive refinement algorithm:
1. fix a tolerance ¢, pick an initial (coarse) mesh 7; (j = 0) and pick a very fine
quadrature rule {y;}Y._ \ (take N large),
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Numerical results
Let's try it out!

Adaptive refinement algorithm:
1. fix a tolerance ¢, pick an initial (coarse) mesh 7; (j = 0) and pick a very fine
quadrature rule {yl}l]\iiN (take N large),
2. for each quadrature point y;:

> solve the PDE on 7 to get ugl 1
> for each cell T' of T}, solve the BW equation on T' to compute e

J
yi,1

bw,j
v, T

3. sum the functions u into the quadrature rule to get u{
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quadrature rule {y;}Y._ \ (take N large),
2. for each quadrature point y;:

> solve the PDE on 7; to get ugl 1

> for each cell T' of T}, solve the BW equation on T' to compute e

3. sum the functions u;l 1

4. for each cell T' of 7;:
> sum (over [) the functions ely)z’v’ql into the quadrature rule to get e/,

bw,j
v, T
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into the quadrature rule to get uj,
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Numerical results
Let's try it out!

Adaptive refinement algorithm:
1. fix a tolerance ¢, pick an initial (coarse) mesh 7; (j = 0) and pick a very fine
quadrature rule {y;}Y._ \ (take N large),
2. for each quadrature point y;:

> solve the PDE on 7; to get uil 1

> for each cell T' of T}, solve the BW equation on T' to compute e

3. sum the functions u;l 1

4. for each cell T' of 7;:
> sum (over [) the functions ezz’v’q? into the quadrature rule to get e/,

bw,j
v, T

B J
into the quadrature rule to get uj,

> compute the local contributions of the estimator 7 1 := ||el%w’] 72,
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Numerical results
Let's try it out!

Adaptive refinement algorithm:

1.

fix a tolerance ¢, pick an initial (coarse) mesh 7; (j = 0) and pick a very fine
d [ N ke N |

quadrature rule {y;};L _ 5 (take N large),

for each quadrature point y;:

> solve the PDE on 7; to get uyz 1

> for each cell T' of T}, solve the BW equation on T' to compute e’
J

w,j
v, T

sum the functions Uy,
for each cell T' of T

»> sum (over ) the functions eZ

1 into the quadrature rule to get ul,

J into the quadrature rule to get ebW’J
> compute the local contributions of the estimator nbw = ||eT J Iz,

sum (over T') the local contributions nbw o to get nbw,

Discretization of the fractional Laplacian using finite element methods and a posteriori error estimation 36/43




Numerical results
Let's try it out!

Adaptive refinement algorithm:
1. fix a tolerance ¢, pick an initial (coarse) mesh 7; (j = 0) and pick a very fine
quadrature rule {y;}Y._ \ (take N large),
2. for each quadrature point y;:

> solve the PDE on 7; to get uyz 1

> for each cell T' of T}, solve the BW equation on T' to compute e’
J

w,j
v, T

3. sum the functions Uy,
4. for each cell T of 'T

»> sum (over ) the functions eZ

1 into the quadrature rule to get ul,

J into the quadrature rule to get ebW’J
> compute the local contributions of the estimator nbw = ||eT J Iz,
sum (over T') the local contributions nbw o to get nbw,

check if nbw <
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Numerical results
Let's try it out!

Adaptive refinement algorithm:
1. fix a tolerance ¢, pick an initial (coarse) mesh 7; (j = 0) and pick a very fine
quadrature rule {y;}Y._ \ (take N large),
2. for each quadrature point y;:

> solve the PDE on 7; to get uyz 1

> for each cell T' of T}, solve the BW equation on T' to compute e’
J

w,j
v, T

3. sum the functions Uy,
4. for each cell T of 'T

»> sum (over ) the functions eZ

1 into the quadrature rule to get ul,

7” into the quadrature rule to get ebW’J
> compute the local contributions of the estimator nbw T = ||eT 2,
sum (over T') the local contributions nbw o to get nbw,
check if nbw <
> stop the algorithm and return u{
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Numerical results
Let's try it out!

Adaptive refinement algorithm:

1.

fix a tolerance ¢, pick an initial (coarse) mesh 7; (j = 0) and pick a very fine
d [ N ke N |

quadrature rule {y;};L _ 5 (take N large),

for each quadrature point y;:

> solve the PDE on 7; to get uyz 1

> for each cell T' of T}, solve the BW equation on T' to compute e’
J

w,j
v, T

sum the functions Uy,
for each cell T' of T

»> sum (over ) the functions eZ

1 into the quadrature rule to get ul,

J into the quadrature rule to get ebW’J

> compute the local contributions of the estimator nbw = ||eT J Iz,
sum (over T') the local contributions nbw o to get nbw,
check if nbw <

> stop the algorithm and return u{

» X continue,
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Numerical results
Let's try it out!

Adaptive refinement algorithm:

1.

fix a tolerance ¢, pick an initial (coarse) mesh 7; (j = 0) and pick a very fine
d [ N ke N |

quadrature rule {y;};L _ 5 (take N large),

for each quadrature point y;:

> solve the PDE on 7; to get uyz 1

> for each cell T' of T}, solve the BW equation on T' to compute e’
J

w,j
v, T

sum the functions Uy,
for each cell T' of T

»> sum (over ) the functions eZ

1 into the quadrature rule to get ul,

J into the quadrature rule to get ebW’J

> compute the local contributions of the estimator nbw = ||eT J Iz,
sum (over T') the local contributions nbw o to get nbw,

check if nbw <
>V stop the algorithm and return u].
» X continue,

mark the cells we need to refine (e.g. each cell T' for which
J > 0.9 max J ,
Tow, T Z reT 77bw,T)
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Numerical results
Let's try it out!

Adaptive refinement algorithm:
1. fix a tolerance ¢, pick an initial (coarse) mesh 7; (j = 0) and pick a very fine
quadrature rule {y;}Y._ \ (take N large),
2. for each quadrature point y;:

> solve the PDE on 7; to get uyz 1

> for each cell T' of T}, solve the BW equation on T' to compute e’
J

w,j
v, T

3. sum the functions Uy,
4. for each cell T of 'T

»> sum (over ) the functions eZ J into the quadrature rule to get e},

1 into the quadrature rule to get ul,

bw,J

> compute the local contributions of the estimator nbw = ||eT J Iz,
sum (over T') the local contributions nbw o to get nbw,
check if nbw <

> stop the algorithm and return u{

» X continue,
7. mark the cells we need to refine (e.g. each cell T for which

J J
M = 0.9 max n/ ),
W, TeT; PV

8. refine the mesh 7; into 7,41,
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Numerical results

Let's try it out!

Adaptive refinement algorithm:
1. fix a tolerance ¢, pick an initial (coarse) mesh 7; (j = 0) and pick a very fine
quadrature rule {y;}Y._ \ (take N large),
2. for each quadrature point y;:

> solve the PDE on 7; to get uyz 1

> for each cell T' of T}, solve the BW equation on T' to compute PV

v, T
3. sum the functions u]
4. for each cell T of 'T

»> sum (over ) the functions eZ

1 into the quadrature rule to get ul,

J into the quadrature rule to get ebW’J

> compute the local contributions of the estimator nbw = ||eT J Iz,
sum (over T') the local contributions nbw o to get nbw,

check if nbw <
>V stop the algorithm and return u].
» X continue,

7. mark the cells we need to refine (e.g. each cell T for which
J J
ow, T 2 0‘9}%@}; M, )
8. refine the mesh 7; into 7,41,
9. go back to 2. replacing j by j + 1.

Discretization of the fractional Laplacian using finite element methods and a posteriori error estimation

36/43




Numerical results
Let's try it out!

Taking f =1, we solve

(=A)*yu=f inQ T
u=0 onT. Q

-1 -0.5 0 0.5

using finite elements and Euler’s
reflection formula and we esti- r I
mate the error using the Bank-
Weiser estimator.

-1
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Numerical results
Let's try it out!

a/2=05

a/2 =0.25 a/2 =0.125

—a1e01

u uewu 0.0e+00

—4.1e01
0 35 — 8.2e-01
o 25 0.6
u 15 0.4
u 05 0.2
0.0e+00
0.0e+00

Discretization of the fractional Laplacian using finite element methods and a posteriori error estimation 38/43

0.0e+00




Numerical results
Let's try it out!

a/2=0.5
—A&— Exact error
10714 A3
. —&- BW error
—A— Exact error
BW error
10—2 4
<
10-3

102 103 104

dofs
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—A&— Exact error
-k~ BW error
. —A— Exact error
107" 1 —-A&- BW error
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dofs
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Numerical results
Let's try it out!

a/2=0.125
—A&— Exact error
-k~ BW error
—A— Exact error
BW error
10—1 4
<
1072 4

102 103 104

dofs
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Numerical results

Let's try it out! a/2 =05
Uniform refinement: Adaptive refinement:
Initial mesh Initial mesh

Exact error ~ 0.1079 Exact error ~ 0.1079
Linear system dim. = 25 Linear system dim. = 25
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Numerical results

Let's try it out! 04/2 =05
Uniform refinement: Adaptive refinement:
3rd mesh 7th mesh

Exact error ~ 0.0055 Exact error ~ 0.0060
Linear system dim. = 1089 Linear system dim. = 667
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Numerical results

Let's try it out! /2 =05
Uniform refinement: Adaptive refinement:
5th mesh
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Exact error =~ 0.0007 Exact error =~ 0.0006
Linear system dim. = 16641  Linear system dim.

7791
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Thank you for your attention!
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