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The spectral fractional Laplacian

Fractional operators are used in a wide range of different fields such as statistics,
hydrogeology, finance, physics...

• Main advantage: they are nonlocal.
• Main drawback: they are nonlocal.
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The spectral fractional Laplacian

Let Ω ⊂ Rd, α ∈ (0, 2) and f ∈ L2(Ω).

(−∆)α/2u = f in Ω, u = 0 on ∂Ω. (1)

Let {ψi, λi}+∞
i=1 ⊂ L2(Ω)× R+ be such that

−∆ψi = λiψi in Ω, ψi = 0 on ∂Ω, ∀i = 1, · · · ,+∞. (2)

The solution u of (1) is defined by

u :=
+∞∑
i=1

λ
−α/2
i (f, ψi)L2 . (3)
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Contribution

We present the first a posteriori error estimator for a numerical method presented
in [Bonito and Pasciak, 2015] for solving the spectral fractional Laplacian.
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Discretization

How to solve (1) numerically ?

Using an integral representation of the solution

u = Cα

∫ +∞

−∞
eαy uy dy, (4)

where uy is solution to

e2y

∫
Ω

∇uy · ∇v +

∫
Ω

uyv =

∫
Ω

fv, ∀v ∈ H1
0 (Ω). (5)
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Discretization

• Quadrature discretization: given a quadrature rule {ωl, yl}Nl=−N ,

u = Cα

∫ +∞

−∞
eαy uy dy ≈ Cα

N∑
l=−N

ωl e
αyl uyl =: uN . (6)

• Finite element discretization: given a mesh Th on Ω and Vh a FE space,

u ≈ Cα

N∑
l=−N

ωl e
αyl uh,yl =: uNh , (7)

where uh,yl solves

e2yl

∫
Ω

∇uh,yl · ∇vh +

∫
Ω

uh,ylvh =

∫
Ω

fvh ∀vh ∈ Vh. (8)
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A posteriori error estimation

We neglect the quadrature discretization error and we focus on the FE discretiza-
tion error

η ≈ ‖u− uNh ‖L2 . (9)
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A posteriori error estimation

We consider the Bank–Weiser a posteriori error estimator [Bank and Weiser, 1985]
on the parametric problem associated to uyl .

For each cell T of Th we solve

e2y

∫
T

∇wT,yl · ∇vT +

∫
T

wT,ylvT = RT (vT ) ∀vT ∈ V bw(T ). (10)

The local fractional Bank–Weiser solution is given by

wT := Cα

N∑
l=−N

ωl e
αyl wT,yl . (11)

The local and global Bank–Weiser estimators are given by

ηbw,T := ‖wT‖L2(T ), η2
bw :=

∑
T∈Th

‖wT‖2
L2(T ). (12)
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A posteriori error estimation

Fully local and fully parallelizable.
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Numerical results
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Numerical results

Uniform mesh refinement.
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Numerical results

Uniform mesh refinement[Bonito and Pasciak, 2015].

Frac. pow. 0.1 0.3 0.5 0.7 0.9
Th. slope 0.7 1.1 1.5 1.9 2.0
Err. slope 0.71 1.11 1.52 1.9 2.04
Est. slope 0.71 1.13 1.54 1.84 1.91
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Numerical results

Adaptive mesh refinement.
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Numerical results

Adaptive mesh refinement.
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Numerical results

Adaptive mesh refinement.

Frac. pow. 0.1 0.3 0.5 0.7 0.9
Th. slope (unif.) 0.35 0.55 0.75 0.95 1.0

Err. slope (adapt.) 0.71 1.13 1.54 1.84 1.91
Est. slope (adapt.) 0.72 1.11 1.52 1.9 2.04
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