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The Bank=Weiser estimator

Toy problem setting

Let f € L*(Q), we look for u with sufficient
regularity s.t.

\E
—Au= fin Q, u=0onT.

In weak formulation, find w in Hg () such that T

/Vu-Vv:/fv, Vv € Hy ().
Q Q

Lagrange finite element discretization of order k, find u;, in V¥ such that

/Vuk-Vvk:/ka, Vo € VE.
Q Q

Goal: estimate 7eyy = ||V (up — u)||q i.e. find a computable quantity 7y
such that 7pw = Nerr
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The Bank=Weiser estimator

Definition

On a cell T', the Bank—Weiser problem is given by:
find e in V2" such that

/Velf'pw-Vv:}%W /’I‘TUT + Z /JEv Vol e Vpv,
T

EGBT
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The Bank=Weiser estimator

Definition

On a cell T', the Bank—Weiser problem is given by:
find e in V2" such that

/Ve]%W-Vv%W /rTUT + Z /JEv Vol e Vpv,
T

EEBT

The Bank—Weiser estimator is defined as

nl2)w = Z ngw,T7 Nbw,T = ||V€ ||T
TeT
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The Bank=Weiser estimator

Definition

How is V2" defined ?
Let V7 C V4 be two finite element spaces and

['T : V; — VT_,
be the local Lagrange interpolation operator,

VPY = ker(Lr) = {vf € V7, Ly(vf) =0}.
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L ? still an open problem in the general case.

® Implementations:

® PLTMG (Fortran) [Bank and Weiser, 1985],
® |IFISS (Matlab) [Liao and Silvester, 2012], [Khan et al., 2019],
® FEniCS and FEniCSx (Python, C++) [Bulle et al., 2021].
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Implementation
Method details

We need to compute the matrix A% and vector bb¥ from

/Ve%W-VU?W:/TTUT + Z /JEU PV e VRV
T

EEBT
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Implementation
Method details
We need to compute the matrix A% and vector bb¥ from

/Ve%W.VvI%W:/TTUT + Z /JEU A
T

E€8T

Problem: the space V2% is not provided by DOLFIN(x).
Idea: we rely on the matrix A7 and vector b7 from

/VeT VUT —/rTUT—i— Z /JEvT VUT EV:;",
T

E€3T

since VI is provided by DOLFIN(x) and we look for a matrix
N such that:

AP = N*ALN, and b2 = N'b;.
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Implementation
Method details

Compute G,
matrix of Lp

SVD of G

Extract N

II‘

Computation of N
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Computation of N

Compute A}
and b}

]

¥

Compute AR
and bbv

¥

Solve BW
equation

Loop over cells

¥

Compute local
BW estimator
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Implementation
Method details

Compute A}
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matrix of Ly Compute ABY ?3
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Solve BW g
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Compute local
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Implementation

Numerical results

Adaptive finite elements for a Poisson problem:
—Au=0inQ, wu=wuponI. Linear finite elements.
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Adaptive finite elements for a Poisson problem:
—Au=0inQ, wu=wuponI. Linear finite elements.

—A— INpw —%— Mres —— ngv'ivl
= MNzz —— I']gw2 """ Nerr
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Notation | Vp Vi
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- Mow Vi Vp
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-1 -
2 T el

T T T — T
10° 104 10°
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Implementation

Numerical results

Adaptive finite elements for a Poisson problem:
—Au=0inQ, w=wuponI. Quadratic finite elements.

Notation | V; Vi
kg k_ [ T
Mhw Vr Vr

ngw V% + bubble V%

Number of dof
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Implementation
Numerical results

GO AFEM for a linear elasticity problem:
we used a technique from [Khan et al., 2019] to compute the estimators.

The goal functional is defined by J(uz,p1) := / us - nc.
r
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Implementation
Numerical results

GO AFEM for a linear elasticity problem:
we used a technique from [Khan et al., 2019] to compute the estimators.

The goal functional is defined by J(uz,p;) := / us - nc.
r

~@- Nu/Cul[Vuz|| +lpalD) (primal) g Nu/l/(uz, )| (Wgo)
~@- N:/(2u]|VZ2|| + [IK1]]) (dual)
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o
2
£
= 2y
v 1073 o
kel 3
Q @
©
O
(]
107* o 13

T
10°
Number of dof
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Implementation
Numerical results

Timescale study:

strong scaling study of the DOLFINx version on the Uni Lu cluster.
—~Au= fon[0,1]3, u=0onT. Py Lagrange elements.

The Bank-Weiser estimator is 7, "'

The problem size is fixed around 135 million dof.

~@- Primal linear system assembly Estimation
—@— Primal linear system solve

102
a
9] 1
£ 10
G
=
10° o -1
1
T T T T T
128 256 512 1024 2048
1054732 527366 263683 131842 65921

MPI ranks
dof per rank
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The spectral fractional Laplacian
Problem setting

Fractional operators are used in a wide range of different fields
such as statistics, hydrogeology, finance, physics...
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The spectral fractional Laplacian
Problem setting

Let Q C R?, s € (0,1) and f € L*(Q).
(=A)Yu=f inQ, u=0 onl.
Let {¢;, \i } 27 € L*(Q) x RT be such that
—AvY; = Ny in €, ;=0 onTl, Vi=][l,+oo].

The solution w is defined by
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The spectral fractional Laplacian
Problem setting

The natural Sobolev space associated with this problem is

H*(Q) := {v € L*(9), f)\f (v,10:)32 < +oo} ,

=1

of natural norm

+o0o
ol == DA% (v, )7 -
i=1
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The spectral fractional Laplacian

Discretization

(=A)Yu=f inQ, u=0 on 0.

How to solve this equation numerically 7
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The spectral fractional Laplacian

Discretization

(=A)Yu=f inQ, u=0 on 0.

How to solve this equation numerically 7
Considering

) f = ZA (f¥i) g2 s

we use a rational approximation

~ ON(\ Z (14+0 071 YA€ [\, +oo),

=1

where (a;); and (b;); are positive coefficients and Cs(N) is in-

d nt of \.
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The spectral fractional Laplacian

Discretization

—+00
w= (=A)7F = 3 N ()
.
~ Y QN (M) (1)
i=1

+o0o N
’120 Zazl-f-bl Y(fo) e
i1

=1
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The spectral fractional Laplacian

Discretization

) f = ZA (f. ),
~ZQN (f, 1),
N

NZC Zall—l—bl )

=1

N
)T DIERENE

=1 =1
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The spectral fractional Laplacian

Discretization

) f = ZA (f. ),
~ZQN (f i)y,

ZZC Zazl-f-bl Y0 e

N +o0

Zal 1+bl fadjz)
1

=1 =

N
Zal Id bl ( ZCLZLL[.

=1
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The spectral fractional Laplacian
Discretization

u=(=A)"f — w=(Id-bA)'f, Ve[l N]
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The spectral fractional Laplacian
Discretization
w=(=A)f — w=(Id-hA)'f, Vi€l N]
We denote
N
u~u = Cy(N) Zalul.
=1

However, "V is not a discrete function.
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The spectral fractional Laplacian

Discretization

u=(-A)"°f — u=(Id —bZA)*lf, Vi € [1, N].
We denote

N
u~u’ = Cy(N) Zalul.
=1

However, 1" is not a discrete function.To get a full discretiza-
tion, we use a FE method. We reformulate the problems in the

weak form

/ulv + bl/ Vu,;-Vu = / fo, Vo € Hy(Q), VI € [1, N,
0 Q Q
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The spectral fractional Laplacian

Discretization

u=(—-A)"f — w=Id-hA)'f, VIe][l,N].
We denote

N
u~u = Cy(N) Zalul.
=1

However, 1" is not a discrete function.To get a full discretiza-
tion, we use a FE method. We reformulate the problems in the

weak form
/uw +b | Vu-Vo= / fo, Vo € Hy(Q), VI € [1, N,
0 Q Q

and write its FE discretization

/ul,kvk + bl/ Vul,k-Vvk = / ka, Yoy, € Vl, Vi € [1,N].
Q Q Q
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The spectral fractional Laplacian

Discretization

Solving these classical FE problems we finally get a fully discrete
approximation of u

N N
u~u’ = Cy(N) Zalul ~ Cy(N) Z agug g =: up
=1 =1
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The spectral fractional Laplacian

Discretization

Solving these classical FE problems we finally get a fully discrete
approximation of u

N

N
u~u’ = Cy(N) Zalul ~ Cy(N) Z agug g =: up
=1

=1

The main advantages of this kind of methods is that they are
easily parallelizable and involve "standard" FE machinery.
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A posteriori error estimation

Rational approximation error

The next question is:
how can we bound the discretization error ?

err = [lu — || < flu—u™ + [lu” — ]l
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A posteriori error estimation

Rational approximation error

The next question is:
how can we bound the discretization error ?

err = [lu — || < flu—u™ + [lu” — ]l

Two sources of error:
® the rational approximation error |ju — u"|],
® the finite element error ||u®™ — ulY||.

where |[-|| = [|-[2, or [|-[|sz=-
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A posteriori error estimation

Rational approximation error

If there exists (V) N 0 such that

A7 = QN (V)| < e(N), VA € [\, +00),
then, [Bonito and Pasciak, 2015]
lu = w2 < (V)£ 2.
Moreover, if [ € H*(Q2), then [Bonito and Pasciak, 2016]

lu = ™[l < (N1 f e
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A posteriori error estimation

Rational approximation error

If there exists (V) N 0 such that

A= NV <e(N),  VAE A, +o0),
then, [Bonito and Pasciak, 2015]
lu —u™ |2 < (N[ fl|zz-
Moreover, if [ € H*(Q2), then [Bonito and Pasciak, 2016]
lu = ™[l < (N1 f e

In particular, there exists an approximation QY such that
[Bonito and Pasciak, 2015]

e(N)= O (e—(ﬂz/m)“ﬁ) .

N N—+400
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A posteriori error estimation

Rational approximation error

Conjecture: [Ju — u™||gs < e(N)||fllLe-
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A posteriori error estimation

Rational approximation error

Conjecture: ||u — u™||ms < e(N)||f|l 2.
What we can prove currently (not published yet):

< EWN)N A2

where () VT 0 with a possibly slower convergence rate
——400

a2

lu —u

than €.
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A posteriori error estimation

Finite element error

What about |[u¥ — ulY|| ?
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Finite element error

What about [|u —uf’|| ?
A priori error estimates in [Bonito and Pasciak, 2015] and
[Bonito and Pasciak, 2016].
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A posteriori error estimation

Finite element error

What about [|u —uf’|| ?

A priori error estimates in [Bonito and Pasciak, 2015] and
[Bonito and Pasciak, 2016].

We are looking for a computable quantity 7 such that

[ =y .
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A posteriori error estimation

Finite element error

Heuristics /.* case:

N

u —Uk— alul—ulk

Mz

l:l
We use the Bank—Weiser solution to quantify

bw
U — Uk =€ .
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A posteriori error estimation

Finite element error

Heuristics /.* case:

N

u —’LLk— alul—ulk

Mz

l:l
We use the Bank—Weiser solution to quantify
U — U e]fw.

Then,

N
u™ —up ~ Cy(N) E aef™ =: P,
=1

‘n in FEniCS and applications to fractional PDEs 24/32



A posteriori error estimation

Finite element error

Heuristics /.* case:

N

u —’LLk— alul—ulk

Mz

l:l
We use the Bank—Weiser solution to quantify
U — U e]low.

Then,

N
u™ —up ~ Cy(N) E aef™ =: P,
=1

Finally, we hope that:

™ =yl 2 == [le™ 2.
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A posteriori error estimation

Finite element error

Heuristics H? case:

N

u™ —u) = Cy(N) Zaz(uz — ),

=1

We use the Bank—Weiser solution to quantify

o= [ller™ ll,

Il — i

where [[v][l} == [[v]I72 + bifv[3-
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A posteriori error estimation

Finite element error

Heuristics H? case:

N

u™ —u) = Cy(N) Zaz(uz — ),

=1

We use the Bank—Weiser solution to quantify

e = wagellle = ller™ I
where |[|v][|7 := ||v]|2. + bi|v]%:. Then, we hope that:
N N
™ = |17 ~ Co(N) D anlllw—willf ~ Co(N) Y alle |17
I=1 =1
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A posteriori error estimation

Finite element error

2 2
™M 2.1,
2 2
M, 1, 2.1
. ' '
o ! !
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- 2 2 -
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1 1
2 2
Moy |21y
2 2
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N o
>
(o]
~ v
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Parametric problems

Rational sum

N2
7 It
2 2
NIN-11 |TINTy
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2 > 7 I
IN-1,12 "IN
1 1
1 1
4 3 \ le
1.2 T,Z 7 Ty
NIN-11, "INT
1 1
1 1
\ 2
> ) ? T
NN=1,10 KN Ty
N2
> > 7 Ity
NIN=1Tn | "IN, Th
v ~

2
TIN-1

2
iy >
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Numerical results

(=AYu=f, in[0,1]*>, u=0, onT,
with f(z,y) =1in [0,0.5]* U[0.5,1]*, —1 otherwise.
We assume the rational approximation is negligible, i.e. u = u'.
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Numerical results

Uniform mesh refinement.

[

10-1 4

10-2 4

10-3 4

1074 4

—— ||u = Unllix)

=5 4
1079 e

10~ 2x1072  3x10724x1072  6x107?

s | 0.1 03 05 07 09

Th. slope || 0.7 1.1 15 19 20

Err. slope || 0.71 1.11 152 19 204

Est. slope || 0.71 1.13 154 1.84 1.91
[Bonito and Pasciak, 2015]
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Numerical results
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Numerical results
Adaptive mesh refinement.

10-1 4

1074

102} \

e \\\'\
= ||u = Unlliz)
A= Now

s

S=
S=
s=

=0.

s
10°
dof

=0.1
0.3
0.5
0.7
.9
10

s 01 03 05 07 09

Th. slope (unif.) || 0.35 0.55 0.75 0.95 1.0
Err. slope (adapt.) || 0.71 0.81 0.86 0.88 0.99
Est. slope (adapt.) || 0.72 0.79 0.85 0.89 0.96

[Bonito and Pasciak
A ion in FEniCS and applications to fractional PDEs

, 2015]
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