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Definition of the Bank—\Weiser estimator
Toy problem setting

We quantify the discretization error e := uj, —u using the energy
norm e, := [|Vello = ||V, — Vulla.

Goal: estimate n i.e. find a computable quantity 7, such that

Tbw =~ Merr-
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The Bank—Weiser estimator is defined as
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The Bank—Weiser estimator
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¢ Different definitions of V2" lead to different variants of the
Bank—\Weiser estimator.

* General principle: let V; C VI be two finite element spaces

and
CT:VT“L — V5,

be the local Lagrange interpolation operator,

VRY = ker(Lr) = {vf € Vi, Lr(vf) =0}.
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Examples:

° For Vi =V} and V7 =V

® For Vf =VZand vV =V}

® For V;:Vi”: and V- :V%:
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Properties

e Efficiency (Npw < Cterr + heo.t.):

> \/ global [?7],

> \/ local [?], [?].
L4 Rellab||lty (nerr < Cnbw + hOt)
> \/ without restriction on k, V; or V- but under a saturation assumption
(7.
> \/ without the saturation assumption but only for £ = 1 and in dimension 2
(71

\/ without the saturation assumption but only if zl;Tlef C V}’W [,

| 4

> \/ without the saturation assumption, in dimension 1, 2 or 3 but only for
k=1[7,

> still an open problem in the general case (e.g. for k = 2, vt = Vq‘r’: and
Vi =V2).
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* Implementations:
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> IFISS (Matlab) [?], [?],
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Implementation

Method details
We need to compute the matrix A»" and vector b5 from

/Ve /(f Aubr+ 3 /ﬂ@ukﬂE Vol € Vv,

EcoT

Problem: the space V¥ is not provided by DOLFIN.
\dea: we rely on the matrix AL and vector b from

/VeT VUT—/(f Auy)v + Z /[[8 up]pvs Yoi € Vi,

EEBT

since V1 is provided by DOLFIN and we look for a matrix N
such that:

AY = N'ALN, and b = N';.
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® Does such a matrix N exist 7
e If it does, how to compute it ?

Let G be (square) the matrix of Lr : VI —— V7 C V1,
using SVD we have,
G=UxV"

We can write:
Vo= (&g, el 1€a),

where {£7,--- &5} is a basis for V2V, Then,

N = (&l 1&,,)-

Moreover, N does not depend on the cell T
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Implementation
Method details

def estimate(u_h):
mesh = u_h.function_space() .mesh()
element_f = FiniteElement("DG", triangle, 2)
element_g = FiniteElement("DG", triangle, 1)

N = fenics_error_estimation.create_interpolation(element_f, element_g)

V_f = FunctionSpace(mesh, element_f)

e = TrialFunction(V_f)

v = TestFunction(V_f)

£ = Constant(0.0)

bes = DirichletBC(V_f, Constant(0.0), "on_boundary", "geometric")

= FacetNormal(mesh)

= inner(grad(e), grad(v))#*dx

= inner(f + div(grad(u_h)), v)*dx + \
inner (jump(grad(u_h), -n), avg(v))*dS

e_h = fenics_error_estimation.estimate(a_e, L_e, N, bcs)
error = norm(e_h, "H10")

= FunctionSpace(mesh, "DG", 0)

= TestFunction(V_e)

eta_h = Function(V_e, name="eta_h")

eta = assemble(inner(inner(grad(e_h), grad(e_h)), v)*dx)
eta_h.vector()[:] = eta

return eta_h
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Implementation

Numercial results

Adaptive finite elements for a Poisson problem:
—Au=0in €, w=wuponI. Quadratic finite elements.
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Implementation

Numercial results
Goal oriented adaptive finite elements for a Poisson problem:
—Au=0inQ, u=uponl. Nerr 1= J(u —up) = /(u — up)c,
Q

where ¢ is a smooth weight function.
The estimators are computed using the WGO method from [?].
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GO AFEM for a linear elasticity problem:
we used a technique from [?] to compute the estimators. The goal func-

tional is defined by J(uz,p1) := [ uz-nc.
r
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tional is defined by J(uz,p1) := [ uz-nc.
r

0~ Nu/u||Vuz|| +lp1]]) (primal) g Nu/l/(u2, p1)| (Wgo)
~@- N:/(2u[|VZ2|| + [[K1]]) (dual)
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Perspectives

Adapt our algorithm to other types of finite elements.

Find a criterion to determine the best couple of spaces
(V;, V) for a given problem.

Prove the reliability of Bank—Weiser estimators in the general
case.

Investigate performance of Bank—\Weiser estimators for error
estimation in L2 norm.
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