
Finite Element Methods
and

A Posteriori Error Estimation

Raphaël Bulle 1,2

Franz Chouly 2, Alexei Lozinski 2

Stéphane P.A. Bordas 1, Jack S. Hale 1

1University of Luxembourg
2Université de Bourgogne Franche-Comté

June 11, 2019



• FEM: what is it for ?

• FEM: how does it work ?

• FEM: does it work ?

• A posteriori error estimation

• Example: Bank-Weiser a posteriori error estimator

• Adaptive refinement process

• Variants of Bank-Weiser estimator

• Theory around Bank-Weiser estimator(s)

• Ongoing/Future work

Finite Element Methods and A Posteriori Error Estimation 2/46



Table of contents

• FEM: what is it for ?

• FEM: how does it work ?

• FEM: does it work ?

• A posteriori error estimation

• Example: Bank-Weiser a posteriori error estimator

• Adaptive refinement process

• Variants of Bank-Weiser estimator

• Theory around Bank-Weiser estimator(s)

• Ongoing/Future work

Finite Element Methods and A Posteriori Error Estimation 3/46



FEM: what is it for ?

Finite element methods are a wide family of numerical
methods used to discretize PDEs.

• structural mechanics
• fluid mechanics
• medicine/biomechanics
• and so on...
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FEM: what is it for ?

For us, FEM will be used to solve Poisson’s problem:{
−∆u = f, in Ω

u = 0, on ∂Ω

where:
• Ω ⊂ R2,
• f ∈ L2(Ω),

• ∆v =
∂2v

∂x2
1

+
∂2v

∂x2
2

.
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FEM: how does it work ?

First, we reformulate our problem:

{
−∆u = f in Ω,

u = 0 on ∂Ω.

becomes, ∫
Ω

∇u · ∇v =

∫
Ω

fv, ∀v ∈ H1
0 (Ω),

where,

H1
0 (Ω) :=

{
v ∈ L2(Ω), ∇v ∈ (L2(Ω))2, v|∂Ω = 0

}
.

provided with the norm ‖∇v‖2 =

∫
Ω

∇v · ∇v.
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FEM: how does it work ?

Our new problem is:

Find a function u inH1
0 (Ω) such that, for any v inH1

0 (Ω),∫
Ω

∇u · ∇v =

∫
Ω

fv.

Thanks to the boundary condition and using Poincaré’s inequal-
ity and Lax-Milgram theorem we can show existence and unique-
ness of the solution u ∈ H1

0 (Ω).

We want to discretize this problem in order to compute a nu-
merical approximation uh of u.
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FEM: how does it work ?

To discretize our problem, we use finite elements:

{Th, V k
h ,Σh}.
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To discretize our problem, we use finite elements:

{Th, V k
h ,Σh}.

• Eh set of edges,
• EIh set of interior edges.
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FEM: how does it work ?

To discretize our problem, we use finite elements:

{Th, V k
h ,Σh}.

V k
h :=

{
vh ∈ C0(Ω), vh|T ∈ Pk(T ) ∀T ∈ Th, vh|∂Ω = 0

}
.
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FEM: how does it work ?

To discretize our problem, we use finite elements:

{Th, V k
h ,Σh}.

Ex: k = 1, vh in V 1
h ,

vh|T = ax+ by + c,
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FEM: how does it work ?

To discretize our problem, we use finite elements:

{Th, V k
h ,Σh}.

Ex: k = 2,

Finite Element Methods and A Posteriori Error Estimation 9/46



FEM: how does it work ?

To discretize our problem, we use finite elements:

{Th, V k
h ,Σh}.

Moreover, V k
h := 〈ϕ0, · · · , ϕdk〉, such that ϕi(xj) = δi,j.

Ex: k = 1,
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FEM: how does it work ?

Our infinite dimensional problem

Find a function u inH1
0 (Ω) such that, for any v inH1

0 (Ω),∫
Ω

∇u · ∇v =

∫
Ω

fv.

is discretized in

Find a function uh in V k
h such that, for any vh in V k

h ,∫
Ω

∇uh · ∇vh =

∫
Ω

fvh.
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FEM: does it work ?

Let us consider a particular example,

{
−∆u = f, in Ω

u = 0, on ∂Ω

with,
f(x, y) = 2π2 sin(πx) sin(πy).

Then,
u(x, y) = sin(πx) sin(πy).
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Intermission: FEniCS

All the numerical tests here have been carried out using the
finite element software FEniCS. (Logg [2007], Logg and Wells
[2010], Alnæs et al. [2015])
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FEM: does it work ?

(k=1)
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FEM: does it work ?
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FEM: does it work ?

A priori error estimation

Theorem: Let {Th}h be a family of meshes and uh ∈ V k
h

the corresponding finite element solutions of degree k,
then

‖∇(u− uh)‖ −−−−!
h!0

0.

Moreover, if u ∈ Hk+1(Ω) then, there exists a constant
C independent of u and h such that,

‖∇(u− uh)‖ 6 Chk‖u‖Hk+1(Ω).
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FEM: does it work ?

So what’s the problem ?

Let us check another example:
−∆u = 0 in Ω,

u = 0 on Γ0,
u = uD 6= 0 on Γ1.

We discretise this equation with
FEM of degree 1.
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FEM: does it work ?

0.00.20.40.60.81.0

h

0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

||
(u

u h
)||

Convergence of FEM of degree 1 for Poisson's equation 
 on L-shaped domain.

Exact error k=1

Finite Element Methods and A Posteriori Error Estimation 19/46



FEM: does it work ?
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FEM: does it work ?


−∆u = 0 in Ω,

u = 0 on Γ0,
u = uD 6= 0 on Γ1.

In this particular case,

u ∈ H1+ε(Ω) ∀ε < 2

3
,

especially,
u /∈ H2(Ω).

In fact, ∇u has a singularity in (0, 0).
Finite Element Methods and A Posteriori Error Estimation 20/46



FEM: does it work ?

So what’s the problem ?

• sometimes, uniform refinement can lead to sub-optimal
orders of convergence.
• most of the time we do not know the exact solution u but

still need to estimate the discretization error.
• some parts of the domain may need to be refined more

than others: doing uniform refinement may be a waste of
computational time.
• to do so we need a local estimation of the discretization

error.
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A posteriori error estimation

• Bound the error by computable quantities which does not
depend on the exact solution,

• get information about the local errors,
• keep the estimator computational cost at most of same

complexity order than the computation of uh.
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A posteriori error estimation

Let us denote,
e := u− uh ∈ H1

0 (Ω).

For a triangle T ∈ Th, we are looking for computable quantities
ηT,− and ηT,+ such that,

ηT,− 6 ‖∇e‖T 6 ηT,+.

Then, setting η2
◦ :=

∑
T∈Th

η2
T,◦ for ◦ = +,− we would get,

η− 6 ‖∇e‖ 6 η+.

Although, this is almost never possible.
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A posteriori error estimation

Instead, for most of a posteriori error estimators

η2 :=
∑
T∈Th

η2
T ,

we can show existence of (unknown) constants c and C, only
dependent of some regularity properties of the mesh (but inde-
pendent of h and hT ) so that

cηT 6 ‖∇e‖T , (local efficiency)

and
‖∇e‖ 6 Cη. (global reliability)
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Example: Bank-Weiser a posteriori error
estimator

We can show that e := u− uh is the unique solution of∫
Ω

∇e·∇v =
∑
T∈Th

∫
T

(f−∆uh)v+
∑
E∈EIh

∫
E

s
∂uh
∂n

{
v, ∀v ∈ H1

0 (Ω).

∂vh
∂n

:= n · ∇vh,

JvK := v|T− − v|T+ .
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Example: Bank-Weiser a posteriori error
estimator

Find eT in H1
0 (T ) such that∫

T

∇eT · ∇vT =

∫
T

(f −∆uh)vT +
∑

E∈∂T∩EI
h

∫
E

1

2

s
∂uh

∂n

{
vT ,

∀vT ∈ H1
0 (T ).

Main idea: Discretize this problem using finite element methods!
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Example: Bank-Weiser a posteriori error
estimator

We introduce local FE spaces, V k
T := {vT ∈ Pk(T ), vT |∂Ω = 0},

as well as a local (Lagrange) interpolation operator,

IT : V k+1
T −−−−! V k

T .

We define,

V BW
T := ker(IT ) = {vT ∈ V k+1

T , IT vT = 0}.

01

2

34

5

local P2 dofs
local P1 "vanishing" dofs
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5

local P2 dofs
local P1 "vanishing" dofs
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Example: Bank-Weiser a posteriori error
estimator

Then, for each triangle T

Find eBW,T in V BW
T such that∫

T

∇eBW,T · ∇vBW,T =

∫
T

(f −∆uh)vBW,T

+
∑

E∈∂T∩EIh

∫
E

1

2

s
∂uh
∂n

{
vBW,T ,

∀vBW,T ∈ V BW
T .
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Example: Bank-Weiser a posteriori error
estimator

Definition of Bank-Weiser estimator: For a triangle
T of the mesh, the Bank-Weiser estimator is defined by

ηT := ‖∇eBW,T‖T .

The global Bank-Weiser estimator is defined by

η2 :=
∑
T∈Th

‖∇eBW,T‖2
T .
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Adaptive refinement process

Given a tolerance ε > 0, we can use the BW estimator to write
the following algorithm:

While η > ε do:
Solve Compute the FE solution uh.

Estimate Compute the local BW estimators ηT on each triangle of the

mesh (parallelizable), as well as η :=
(∑

T∈Th η
2
T

)1/2
.

Mark Mark the triangles according to some criterion (e.g. the ones for
which ηT > θmaxT∈Th (ηT )).

Refine Refine the marked triangles.

Return {ηT}T , uh.
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Adaptive refinement process

Let us apply this algorithm to our problematic test case:
−∆u = 0, in Ω

u = 0, on Γ0

u = uD 6= 0, on Γ1

We discretise this equation with
FEM of degree 1.
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Adaptive refinement process
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Adaptive refinement process

103 104 105

Number of dof

10 1

2 × 10 2

3 × 10 2

4 × 10 2

6 × 10 2

En
er
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 n

or
m

1

-0.5

A post. err. est. and true error convergence rates for 
 FEM of degree 1. 

 L-shaped case
Exact error (approx. slope -0.49)
BW_1 (approx. slope -0.47)

uniform (approx. slope -0.31)
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A post. err. est. and true error convergence rates for 
 FEM of degree 1. 

 L-shaped case
Exact error (approx. slope -0.49)
BW 1 (approx. slope -0.47)
BW 2 (approx. slope -0.45)
BW 3 (approx. slope -0.47)
BW 4 (approx. slope -0.47)
uniform (approx. slope -0.31)

BW 1: BW 2: BW 3: BW 4:
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Theory around Bank-Weiser estimator(s)

What we know:
Let u be the solution of Poisson’s problem in a domain of dimen-
sion d and uh be its finite element approximation of degree k.

Theorem: (Bank and Weiser [1985]) There exists a con-
stant c only depending on the mesh regularity, indepen-
dent of the mesh size, such that for any triangle T of the
mesh

cηT 6 ‖∇e‖T .
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Theory around Bank-Weiser estimator(s)

What we know:
Let u be the solution of Poisson’s problem in a domain of dimen-
sion d and uh be its finite element approximation of degree k.

Theorem: (Bank and Weiser [1985]) We assume in addi-
tion the (binding) saturation hypothesis. There exists a
constant C only depending on the mesh regularity, inde-
pendent of the mesh size such that

‖∇e‖ 6 Cη.
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Theory around Bank-Weiser estimator(s)

What we know:
Let u be the solution of Poisson’s problem in a domain of dimen-
sion d and uh be its finite element approximation of degree k.

Theorem: (Nochetto [1993]) Let d 6 2, k = 1 and
IT : V 2

T −−−−! V 1
T . Then, for the corresponding BW

estimator, there exists a constant C only depending on
the mesh regularity, independent of the mesh size such
that

‖∇e‖ 6 Cη.
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Theory around Bank-Weiser estimator(s)

What we know:
Let u be the solution of Poisson’s problem in a domain of dimen-
sion d and uh be its finite element approximation of degree k.

Theorem: (Verfürth [1994]) For each triangle T , we de-
fine IT : V k

T −−−−! V k
T , with k > k + 3.

Then, for the corresponding BW estimator, there exists
a constant C only depending on the mesh regularity, in-
dependent of the mesh size, such that

‖∇e‖ 6 Cη.
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Theory around Bank-Weiser estimator(s)

What we know:
Let u be the solution of Poisson’s problem in a domain of di-
mension d = 2.

Theorem: (from an idea of Morin et al. [2002]) Let (Tl)l
be a sequence of meshes constructed by successive adap-
tive refinements steered by the Bank-Weiser estimator de-
fined from IT : V k+1

T −−−−! V k
T and V BW

T := ker(IT )
and (ul)l the corresponding finite element solutions of
degree k = 1. Then there exist two constants α < 1 and
C depending only on the mesh regularity such that

‖∇(u− ul)‖ 6 Cαl.
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Theory around Bank-Weiser estimator(s)

What we do not know:
Let u be the solution of Poisson’s problem in a domain of dimen-
sion d and uh be its finite element approximation of degree k.

Theorem ? For each triangle T , we define
IT : V k+1

T −−−−! V k
T , and V

BW
T := ker(IT ).

Then, for the corresponding BW estimator, there exist a
constant C only depending on the mesh regularity, inde-
pendent of the mesh size, such that

‖∇e‖ 6 Cη.
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Ongoing/Future work

• Compare different variants of Bank-Weiser with other
estimators.

• Run 3D tests.
• Apply Bank-Weiser estimation to elasticity problems.
• Integrate Bank-Weiser estimation to a Multi-level Monte

Carlo algorithm for solving SPDEs.
• Find a proof of the last theorem ?
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Thank you for you attention !
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